The vertex-arboricity a(G) of a graph G is the minimum number of subsets into which vertex set V (G) can be partitioned so that each subset induces an acyclic graph. In this paper, we prove one of the conjectures proposed by Raspaud and Wang (2008) [15] which says that a(G) = 2 for any planar graph without intersecting triangles.
This vertex version of arboricity was first introduced by Chartrand, Kronk et al. [5] in 1968, who named it point-arboricity. They proved that a(G) ≤ 
1+∆(G) 2
 for any graph G and a(G) ≤ 3 for any planar graph Chartrand and Kronk [6] showed this bound is sharp, by giving a planar graph which has vertex-arboricity 3. In fact, this graph was discovered by Professor Tutte, which was used to disprove the conjecture of Tait that the graph of every cubic convex polyhedron is Hamiltonian (see [18] ). The upper bound 3 for a(G) on planar graphs has also been studied by Chartrand and Kronk [6] , Goddard [10] , Grünbaum [11] and Poh [14] . Among them, Goddard [10] and Poh [14] , independently, proved a stronger result that the vertex set of any planar graph can be partitioned into three sets such that each set induces a linear forest. The path version of vertex-arboricity, called linear vertexarboricity, has also been studied extensively in [14, 1, 2, 13] .
It was known [9] that determining the vertex-arboricity of a graph is NP-hard. Hakimi and
Schmeichel [12] showed that determining whether a(G) ≤ 2 is NP-complete for maximal planar graphs Stein [17] characterizes completely maximal planar graph G with at least 4 vertices by proving that a(G) = 2 if and only if its dual graph G * is Hamiltonian. This result was further strengthened by
Hakimi and Schmeichel [12] by showing that a plane graph G has a(G) = 2 if and only if its dual graph G * contains a connected Eulerian spanning subgraph. The reader is referred to [3, 4, 7, 8, 16, 19] for other results about the vertex-arboricity of graphs.
Recently, Raspaud and Wang [15] gave some sufficient conditions on a planar graph to have vertexarboricity 2. More precisely, they proved the following theorem.
Theorem 1. Let G be a planar graph.
(
1) If G contains no k-cycles for some fixed k ∈ {3, 4, 5, 6}, then a(G) ≤ 2. (2) If G contains no triangles at distance less than 2, then a(G) ≤ 2.
Our main purpose in this paper is to give a positive answer to the conjecture proposed by Raspaud and Wang in [15] . More precisely, we prove the following
Theorem 2. Every planar graph G without intersecting triangles has vertex-arboricity at most 2.
Some notation: The degree of a face is the length of its boundary walk. We will write d(x) for d G (x) the degree of the vertex x in G when no confusion can arise. A k-vertex, k + -vertex, or k − -vertex is a vertex of degree k, at least k, or at most k. Similarly, we can define k-face, k + -face, k − -face, etc. Suppose that f and f ′ are two adjacent faces by sharing a common edge e. We say that f and f ′ are For all figures in this paper, a vertex is represented by a solid point when all of its incident edges are drawn; otherwise it is represented by a hollow point.
Proof of Theorem 2
Suppose to the contrary that the theorem is not true. Let G be a counterexample with the least number of vertices. Thus, G is connected. Since G contains no intersecting triangles, every subgraph of G also contains no intersecting triangles. This straightforward fact is tacitly used in the following proofs. In the following, let C = {a, b} denote the color set. We first investigate the structural properties of G, then use Euler's formula and the technique to derive a contradiction.
Claim 1. The minimum degree δ(G) ≥ 4.
Proof. Assume to the contrary that G contains a 3 − -vertex v. By the minimality of G, G − {v} is acyclically 2-colorable. It is easy to show that any acyclic 2-coloring of G − {v} can be extended to an acyclic 2-coloring of G. This completes the proof of Claim 1. 4 , y 4 are colored with a, i.e., red.
We begin with some basic definitions which are used throughout the paper. An
, and f is adjacent to exactly two light 4-faces by sharing the common edge v 2 v 3 and v 4 v 5 , respectively, then we call f bad. Otherwise, we call f good.
to denote the number of light 4-faces incident or adjacent to x.
cannot be extended to G, then the following conditions hold.
(1) All vertices in (2) f is adjacent to at least one 5 + -face.
Proof. For i ∈ {1, 2, 3, 4}, let x i , y i be the other two neighbors of v i not on f . Suppose π is an acyclic 2-coloring of G−V (f ) which cannot be extended to G. Let f i be the face adjacent to f by the common edge v i v i+1 , where i is taken modulo 4. Let S(a) denote the subset of {{x 1 , y 1 }, {x 2 , y 2 }, {x 3 , y 3 }, {x 4 , y 4 }} which satisfies that all vertices in S(a) get the same color a in the coloring π . Thus 0 ≤ |S(a)| ≤ 4.
We will make contradiction to show (1),(2).
(1) Suppose to the contrary that |S(a)| ̸ = 4. It implies that 0 ≤ |S(a)| ≤ 3. It is easy to see that v 1 v 3 ̸ ∈ E(G) and v 2 v 4 ̸ ∈ E(G) since G contains no adjacent triangles. We have to consider the following four cases, depending on the value of |S(a)|.
• |S(a)| = 3. Without loss of generality, assume that π (x i ) = π (y i ) = a for all i = 1, 2, 3 and one of x 4 and y 4 is colored with b. We can color v 1 , v 2 , v 3 with b, and v 4 with a.
• |S(a)| = 2. First assume, without loss of generality, that π ( • |S(a)| = 1. Without loss of generality, assume that π (x 1 ) = π (y 1 ) = a and π ( • |S(a)| = 0. It implies that {π (x i ), π (y i )} = {a, b} for all i = 1, 2, 3, 4. Hence, it suffices to color v 1 , v 3 with a and v 2 , v 4 with b.
It is easy to verify that in each possible case the extended coloring is an acyclic 2-coloring of G, driving a contradiction. or y i x i+1 ∈ E(G) for each i ∈ {1, 2, 3, 4} and i is taken modulo 4. Since π cannot be extended to V (f ), we may assume that π ( Therefore, we complete the proof of Lemma 1. 
By symmetry, we only need to consider the following two cases. Fig. 4 .
By the minimality of G, H admits an acyclic 2-coloring π . Next, we will show that π can be extended to G and thus arrive at a contradiction. (1) Assume G contains (B1 Assume to the contrary that 3
. By the minimality of G, H has an acyclic 2-coloring π . If π can be extended to G, then we arrive at a contradiction to the assumption on G. Otherwise, assume w.
are all colored with a by Lemma 1. We have to deal with the following five cases. Case 5 Assume that π (s 2 ) = a and π ( 
Then H admits an acyclic 2-coloring π by the minimality of G. Let S(a) denote the subset of {{x 1 , y 1 }, {x 3 , y 3 }, {x 4 , y 4 }, {x 6 , y 6 }} which satisfies that all vertices in S(a) get the same color a in the coloring π . Thus 0 ≤ |S(a)| ≤ 4. The following proof is divided into five cases as follows, depending on the value of |S(a)|.
It implies that π ( By symmetry, we have two possible cases below.
• Assume that π ( By symmetry, we have four possible cases below.
• Assume that π ( • Assume that π ( • Assume that π ( • Assume that π ( By symmetry, we have two possible cases below.
• Assume that π ( • Assume that π (x 6 ) = π (y 6 ) = a. The argument is similar to the above case. By symmetry, we have three possible cases below.
• Assume that π ( By symmetry, we have three possible cases below.
• Assume that π ( Thus, we complete the proof of Claim 8. Fig. 8 where f 1 , f 2 , f 3 Let • π (x 7 ) = a and π (v 8 ) = π (v 9 ) = b. It is easy to derive that one of x 10 and y 10 is colored with a. Otherwise, we may give the color a to v 1 and the color b to other three remaining uncolored vertices. Therefore, we can first recolor v 7 , v 10 with b, v 9 with a and then extend π to G by coloring v 1 with a and v 2 , v 3 , v 4 with b.
Claim 9. G does not contain the configuration (F1), as shown in
• π (v 8 ) = a and π (x 7 ) = π (v 9 ) = b. Similarly, we deduce that one of x 10 Thus, in what follows, assume that exactly two of x 7 , v 8 , v 9 are colored with b and one is colored with a. The following proof is similar to the previous Case 1.
Therefore, we complete the proof of Claim 9. Fig. 9 .
Claim 10. G does not contain the configuration (F2), as shown in
Proof. Assume G contains (F2). Clearly, {v 3 , v 4 } ∩ {v 6 , v 7 } = ∅, since G contains no adjacent triangles. It follows that C = v 1 v 2 · · · v 7 v 1 is a 7-cycle. Moreover, it is easy to see that x 2 ̸ ∈ C . By the minimality of G, G−{v 2 } admits an acyclic 2-coloring π . It is easy to observe that if there exists a color c appearing at most once on the set {x 2 , v 1 , v 3 , v 5 }, we can color v 2 with c to obtain an acyclic 2-coloring of G. So, in the following, we always assume that the colors a and b appear exactly twice on the set {x 2 , v 1 , v 3 , v 5 }, respectively. We need to handle the following cases. • π (v 6 ) = a and π (x 5 ) = b. b. By symmetry, we need to handle the following two possibilities.
-π (x 1 ) = b and π (y 1 ) = π (v 7 ) = a. If a ∈ {π (x 6 ), π (y 6 )}, recolor v 6 with b and then reduce the proof to the former case. Otherwise, set π (x 6 ) = π (y 6 ) = b. If a ∈ {π (x 7 ), π (y 7 )}, recolor v 5 , v 7 with b, v 1 , v 3 with a, and color v 2 with b. Now we assert that π (x 7 ) = π (y 7 ) = b. In this case, we can color v 2 with a. It is easy to verify that the resulting coloring of G is an acyclic 2-coloring, a contradiction.
-π (v 7 ) = b and π (x 1 ) = π (y 1 ) = a. If a ̸ ∈ {π (x 6 ), π (y 6 )}, recolor v 3 with a and color v 2 with b.
If b ̸ ∈ {π (x 7 ), π (y 7 )}, color v 2 with b. Otherwise, w.l.o.g., assume that π (x 6 ) = a and π (x 7 ) = b. We may first switch the colors of v 6 and v 7 , and then color v 2 with a.
• π (v 6 ) = b and π (x 5 ) = a. Similarly, we deduce that exactly two of x 1 , y 1 , v 7 are colored with a and one is colored with b. By symmetry, we need to handle the following two possibilities. • π (v 6 ) = a and π ( • π (v 6 ) = b and π (x 5 ) = a. By a similar argument as above, we may suppose that exactly two of x 1 , y 1 , v 7 are colored with b and one is colored with a. By symmetry, we need to deal with the following two possibilities.
-π (v 7 ) = a and π (x 1 ) = π (y 1 ) = b. If either a ̸ ∈ {π (x 7 ), π (y 7 )} or b ̸ ∈ {π (x 6 ), π (y 6 )}, then color v 2 with a or b. Otherwise, set π (x 7 ) = a and π (x 6 ) = b. Then, switch the colors of v 6 and v 7 and then color v 2 with a successfully. • π(v 7 ) = a and π (x 1 ) = π (y 1 ) = b. If a ∈ {π (x 7 ), π (y 7 )}, recolor v 7 with b and color v 2 with a. So assume that π (x 7 ) = π (y 7 ) = b. If a ∈ {π (x 6 ), π (y 6 )}, recolor v 6 with b, v 5 with a and color v 2 with b. Thus, π (x 6 ) = π (y 6 ) = b. In this case, we can color v 2 with a to derive an acyclic 2-coloring of G, a contradiction.
• π(x 1 ) = a and π (v 7 ) = π (y 1 ) = b. If b ̸ ∈ {π (x 7 ), π (y 7 )}, recolor v 1 with b and color v 2 with a. So, w.l.o.g., assume π (x 7 ) = b. If a ̸ ∈ {π (x 6 ), π (y 6 )}, recolor v 7 with a, v 1 with b and finally color v 2 with a. Otherwise, recolor v 1 , v 6 with b v 7 with a, and color v 2 with a. Now assume that {π (v 6 ), π (x 5 )} = {a, b}. The proof is similar to the previous case.
Therefore, we complete the proof of Claim 10.
Proof of Theorem 2
We define a weight function ω on the vertices and faces of G by letting ω(v) = 
We shall design appropriate discharging rules and redistribute weights accordingly. Once the discharging is finished, a new weight function ω * is produced. The total sum of weights is kept fixed when the discharging is in process. Nevertheless, after the discharging is complete, the new weight function satisfies ω * (x) ≥ 0 for all x ∈ V (G) Moreover, we call f 5 a special 4-face with respect to v. Let us check that ω * (x) ≥ 0 for all x ∈ V (G) ∪ F (G). 
